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Relativistic ab initio treatment of the second-order spin-orbit splitting
of the a 3Su

¿ potential of rubidium and cesium dimers

S. Kotochigova, E. Tiesinga, and P. S. Julienne
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~Received 15 September 2000; published 13 December 2000!

We have calculated the splitting between the 0u
2 and 1u components of thea 3Su

1 state of Rb2 and Cs2 using
a relativisticab initio configuration-interaction valence bond method. This so-called second-order spin-orbit
splitting is entirely due to relativistic correlations within the molecule. Ourab initio nonperturbative splitting
is 5 and 2 times larger than perturbative splittings at the inner turning point of thea 3Su

1 potential for Rb2 and
Cs2, respectively. In addition, close-coupled nuclear dynamics calculations that estimate the effect of this
splitting on experimentally accessible quantities are presented. The splitting affects the collisional loss rate of
magnetically trapped ultracold Rb and Cs atoms and the spectroscopic determination of the vibrational struc-
ture of Rb2 and Cs2 dimers. Agreement with the experimental collisional loss rates of Cs is found.
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Over the past few years reaching quantum degenerac
dilute fermionic and bosonic alkali-metal gases has gen
ated an increased interest in understanding the interac
between two such atoms. Quantum degeneracy for bo
with positive scattering lengths implies a phase transit
into a Bose-Einstein condensate@1#. On the road to degen
eracy these ultracold dilute gases are kept in magnetic t
and are rapidly cooled by forced evaporation. For this p
cess to be successful rethermalization rates must be m
larger than inelastic loss rates. Both rates are determine
interactions between the atoms. For the bosonic alkalis
have been condensed this ratio has been favorable. S
unacceptably large inelastic losses for cesium have preve
it from condensing@2–4#. Quantitative theoretical estimate
of the loss rates for the heaviest alkali-metal gases have
unavailable. It is the purpose of this paper to calculate fr
first principles the molecular origin of this two-body loss f
Rb and Cs and present its effect on ultracold colliding ato

The origin of the collisional loss is due to relativistic e
fects in the electronic Hamiltonian that lead to a splitting
the nonrelativistica 3Su

1 electronic state into a 0u
2 and 1u

component, whereV50(1) is the projection of the total
electronic angular momentum of the two atoms on the in
nuclear axis. The splitting has two contributions. The fi
contribution is the second-order spin-orbit interaction wh
entirely depends on the existence of valence electronic
relation in the dimer and therefore decreases exponent
with increasing internuclear separationR. The second contri-
bution is due to the magnetic spin-dipole–spin-dipole int
action. This effect is a ‘‘direct’’ relativistic interaction pro
portional to 1/R3 @5#. The latter is believed to be th
dominant relativistic effect for the lighter alkali-metal dime
up to potassium. The second-order spin-orbit effect, ho
ever, becomes important for the heavier alkali-metal dim
This splitting has not been well characterized and new
culations are presented in the current paper.

Accurate data for the second-order spin-orbit splitting
interesting for both experiment and theory. There are sev
experiments that are affected by the relativistic splitting.
first class of experiments is sensitive to atom loss via ul
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cold collisions@2–4#. Spectroscopically measuring the rel
tivistic splitting of the weakly bound states of two interactin
2S atoms is another example@6,7#. A third experiment is the
spin depolarization of room-temperature doubly polariz
rubidium and cesium atoms@8#.

In this paper we calculate the second-order spin-o
splitting and subsequently use it to obtain experimental
servables. For a precise value of the second-order spin-o
splitting we need to implement a fully relativistic electron
structure formalism. We opted for anab initio valence bond
method where correlation is included by a configuration
teraction expansion@9,10#. The nuclear motion is solved fo
by a coupled channel calculation@5# which uses the second
order spin-orbit splitting obtained from the valence bo
method.

The previous estimate of the relativistic second-ord
spin-orbit splitting in Rb2 and Cs2 applies second-order per
turbation theory@11# based on nonrelativistic wave function
and energies obtained with an effective core poten
method @12#. As first-order perturbation in the relativisti
spin-orbit interaction does not lift the degeneracy betwe
theV50 and 1 components of thea 3Su

1 state, second-orde
perturbation theory is needed. Reference@11# only includes
contributions from the lowest1Pu and 3Pu excited states.
Consequently, the values presented in Ref.@11# are believed
to be a lower bound on the splitting. Indeed, recent exp
ments@8# show that their value for Cs2 is too small.

Our relativistic valence bond method is able to calcul
the second-order spin-orbit splitting nonperturbative
Briefly, the valence bond~VB! method approximates the ex
act electronic molecular wave function as a linear combi
tion of basis functions that are antisymmetrized products
two atomic determinants. Each atomic determinant is c
structed from orbitals that are localized and centered at
samenucleus. The linear combination of basis functions th
describe eigenstates of the electronic Hamiltonian is obtai
by the configuration interaction~CI! method. The electronic
Hamiltonian contains the sum of Dirac operators for ea
electron and all repulsive electron-electron, attract
electron-nucleus, and repulsive nucleus-nucleus Coulomb
©2000 The American Physical Society17-1
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teractions. For the VB method CI implies solving for a ge
eralized eigenvalue problem, since the basis forms a se
nonorthogonal Slater determinants.

The localized atomic orbitals are realistic orbitals o
tained from solving the Dirac-Fock~DF! equations numeri-
cally. These four-component DF spinors are optimized fo
specific atom and display the correct physical behavior n
a nucleus and asymptotic behavior at large distances. T
orbitals will be denoted by (nl) j wheren is the main quan-
tum number andl ( j ) is the mechanical~total! angular mo-
mentum of the electron. Relativistic two-center integrals
evaluated with a modified Lo¨wdin’s reexpansion procedur
@13#.

Core electrons occupy the closed shells 1s1/2
2 , 2s1/2

2 ,
2p1/2

2 , 2p3/2
4 , . . . up to 4s1/2

2 for the Rb atom and similarly
1s1/2

2 , . . . up to 5s1/2
2 for the Cs atom. The superscript d

notes the number of electrons in the shell and the subscrj
is sometimes omitted in the text to simplify the notation.
the calculation, however,nl j orbitals with differentj are ob-
tained separately and treated accordingly. The core orb
do not contribute significantly to the formation of the mo
ecule. Excitations out of these closed shells are therefore
included. Nevertheless, these orbitals do define a fully r
tivistic all-electron core potential for the valence electron

Occupied valence electrons are located in the 4p1/2
2 ,

4p3/2
4 , and 5s1/2 shells for the Rb atom and 5p1/2

2 , 5p3/2
4 , and

6s1/2 shells for the Cs atom. These electrons play an imp
tant role in the formation of the ground electronic state of
rubidium and cesium dimer. In spite of the fact that the 4p6

shell in Rb and 5p6 shell in Cs are closed, electrons in the
shells are called valence electrons as excitations will be
lowed. This will ensure a proper treatment of ‘‘core pola
ization.’’

In addition to the two kinds of orbitals, discussed abo
unoccupied valence orbitals are needed to increase the
ibility of the molecular wave function. The Dirac-Fock 5pj
orbital for the Rb atom and 6pj orbital for the Cs atom are
used to describe the first excited states, which are the m
influential for the second-order spin-orbit splitting of th
a 3Su

1 potential. More highly excited DF orbitals, howeve
are very diffuse and are therefore not very efficient in givi
correlation since the overlap with the occupied valence
bitals is small. In the calculation compact Sturmian orbit
@14# replace these highly excited orbitals. The Sturmian
bitals are self-consistent solutions of the Dirac-Fock-Stu
equations, at the valence electron energy. The complete
of Sturmian functions is discrete and is chosen to hav
spatial extent and asymptotic behavior similar to the oc
pied 5s1/2 for Rb and 6s1/2 for Cs valence orbitals. Conse
quently, these functions are efficient in describing a corre
tion with occupied valence electrons. We label Sturm
orbitalsnl j , wheren21 is the number of nodes in the radi
direction of the major component of the relativistic orbit
and l and j are defined as before.

Atomic configurations are formed from core and valen
orbitals and uniquely labeled by the occupied and unoc
pied valence orbitals. For example, the main configuration
the ground state of the Rb atom is 4p1/2

2 4p3/2
4 5s1/2
01251
-
of

-

a
ar
se

e

t

ls

ot
-

r-
e

l-

,
x-

st

r-
s
-

set
a
-

-
n

e
-
f

(54p65s), while for the Cs atom it is 5p66s. The inner core
shells are the same for all configurations and are not nee
to label a configuration.

In addition to the main configuration the calculation of t
CI ground state wave function has to include other molecu
configurations created by excitation of one or two electro
from 4p65s for Rb and 5p66s for Cs into higher excited
orbitals. We allow excitations up ton57 for Rb andn58
for Cs, for l 50 – 3. The convergence of the CI expansi
can only be checked by increasing the number of configu
tions in a systematic way. This is achieved by adding atom
orbitals out of which the atomic and thus molecular determ
nants are constructed. Our best basis set has on the ord
20 000 determinants.

We have chosen our basis of molecular configuratio
based on a calculation of the long-range dispersion coe
cients of Rb2 and Cs2. TheC6 dipole-dipole coefficients are
known from other means@15# and must be reproduced in ou
calculation. Notice that at large internuclear separations
exchange interaction between orbitals located at differ
atomic centers does not contribute to the dispersion.

The dispersion coefficients are obtained by fitting the c
culated long-range potential toV(R)5V`2C6 /R62C8 /R8,
whereV` is the value of the potential atR5` and C8 is
dipole-quadrupole dispersion coefficient. The interaction
tentials are calculated using a basis set that has all pos
excitations from the ground configurations up to the 7d or-
bitals for Rb2 and up to the 8d orbitals for Cs2. The poten-
tials have the lowest total electronic energy of all bas
tested. The total energies of less accurate bases conver
that of the former. The calculations give aC6 coefficient of
4680~50! a.u. for Rb2 and 6860~60! a.u. for Cs2. Moreover,
we find C85526(30)3103 a.u. andC851000(300)3103

a.u. for Rb2 and Cs2, respectively. The fit is limited to inter
nuclear separationsR>32a0 and 34a0 for Rb2 and Cs2, re-
spectively. Here, 1a050.052 917 7 nm and 1 a.u. of energ
is 4.359 743 81310218 J. The uncertainties are obtaine
from comparing the long-range coefficients of the two b
bases. Our values ofC6 are in good agreement withC6
54691(23) a.u. and 6851~74! a.u. for Rb2 and Cs2 published
by Dereviankoet al. @15#. The dipole-quadrupole dispersio
coefficients compare well with those obtained by Ref.@16#.

The second-order spin-orbit splitting is calculated us
all orbitals that are needed to obtain the best value for
long-range coefficientC6. Exchange interactions and cova
lent and ionic configurations are included since these con
butions are crucial for the potentials at short internucl
separations. The size of the matrices that need to be di
nalized is too large to handle computationally and we
forced to limit the number of determinants. The selection
determinants is based on a perturbative estimate of the e
of excited configurations on the main configuration. If th
effect is below a threshold value, the corresponding exc
configuration is omitted from the CI calculation.

Figure 1 shows the second-order spin-orbit splitti
V(1u)-V(0u

2) of the ground configuration of Rb2 and Cs2 as
a function of internuclear separation. These splittings are
tained by including excited orbitals up to the 7d orbitals for
Rb2 and 8d for Cs2 and allowing single-electron excitation
7-2
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from the 4p6 shell. The accuracy of the splitting is estimat
at 15% by comparing to calculations which include few
excited orbitals and that have an increased number of
lected determinants.

Both ab initio curves in Fig. 1 are nearly exponentia
Comparison with the perturbation theory of Ref.@11# shows
that in both cases the slope and size of theab initio second-
order spin-orbit splitting are significantly larger. For the i
ner turning point of thea 3Su

1 potential, which is approxi-
mately at 10a0 for both dimers, the second-order spin-orb
splitting is about 5 and 2 times larger for Rb2 and Cs2, re-
spectively.

The relativisticab initio valence bond calculation find
the energetically lowest 0u

2 and 1u Born-Oppenheimer po
tentials. The difference between the two potentials provi
the second-order spin-orbit splitting. A nonrelativistica 3Su

1

potential of Rb2 and Cs2 is known from Ref.@12#. Our 0u
2

and 1u potentials are about 15% deeper for both dimers.
Rb2 our potentials have a steeper inner wall which leads
an inner turning point of the zero-energy collision that occ
at a'0.2a0 larger internuclear separation ofR59.85a0. For
Cs2 no such discrepancy between the inner turning po
exists. In our calculation there is a 0.1a0 uncertainty in this
inner turning point again based on calculations with few
excited orbitals. The accuracy of both theoretical approac
is lower than required for spectroscopic and ultracold sc
tering experiments. Small modification of the Bor
Oppenheimer potentials needs to be introduced to reprod
the scattering lengths for87Rb187Rb @17# and Cs1Cs colli-
sions@18#.

For a connection with experimental observables we c
culate the effect of our second-order spin-orbit splitting
inelastic collision rates of Rb2 and Cs2 and weakly bound
rovibrational levels of Rb2. The quoted uncertainties fo
these observables are based on a 15% uncertainty in

FIG. 1. The second-order spin-orbit splitting for Rb2 and Cs2 as
a function of internuclear separation. The dashed~dotted! line
shows the Rb2 (Cs2) spin-orbit splitting of Ref.@11#.
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strength of the second-order spin-orbit splitting and a 1
uncertainty due to an uncertainty of the inner turning point
the a 3Su

1 potential.
Collisional rates and binding energies of vibrational lev

are calculated based on a Hamiltonian containing theX 1Sg
1

and a 3Su
1 Born-Oppenheimer potentials, the second-ord

spin-orbit splitting, the nuclear kinetic energy operator, t
hyperfine contact and Zeeman interaction for each atom,
the nuclear rotation@5,11#. The spin-spin dipole interaction
is incorporated by addinga2/R3 and2(1/2)a2/R3 to the 0u

2

and 1u potentials, respectively@11#, and is of opposite sign
compared to the second-order spin-orbit splitting. The
rametera is the fine structure constant.

Figure 2 shows the experimental~solid line! and theoret-
ical ~dashed and dotted lines! depolarization rate of a gas o
double-polarized Cs atoms as a function of temperature.
depolarization rate is defined as twice the inelastic rate c
ficient since two atoms are lost for each collision. No ext
nal magnetic field is present in the theory. Magnetic fie
strength up to 1 mT will change depolarization rate less th
1%. Depolarization of a double-polarized gas is due to
relativistic splittings between the 0u

2 and 1u potentials. Fig-
ure 2 shows a comparison of the depolarization rates w
the second-order spin-orbit splitting as shown in Fig. 1
used and when the size of this splitting is increased by 20
The difference between the two calculations approximat
reflects our uncertainty in the second-order spin-orbit sp
ting. For the temperatures shown in Fig. 2 the effect of
uncertainty of the scattering lengths and dispersion coe
cients @18# on the depolarization rate is small compared
that of the second-order spin orbit splitting. Consequently

FIG. 2. The depolarization rate of a doubly polarized cesium
as a function of temperature. The curve with error bars shows
experimental measurements of Ref.@2#. The dotted line is theoret-
ical depolarization rate using a second-order spin-orbit splitting
shown in Fig. 1. The two dashed lines show the rate with
second-order spin-orbit splitting increased by620%. These
changes reflect our uncertainty in calculating the second-order s
orbit splitting.
7-3
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theoretical and experimental depolarization rates of Ref.@2#
agree within their error bars. We do not believe that the sl
difference in Fig. 1 is significant.

The depolarization rate for a zero-temperature Rb gas
between 2310216 cm3/s and 1310215 cm3/s. This is rather
small and therefore hard to observe experimentally. Ot
processes such as loss through collisions with backgro
gases will limit the lifetime of a double-polarized Rb gas.

Finally, we predict the splitting of a weakly boundd-wave
rotational levels of Rb2 caused by the second-order spi
orbit splitting and the spin-spin dipole interaction. In pri
ciple these small splittings could be measured by Ram
spectroscopy in a Bose condensate. Prospects for su
measurement@7# are good based on a recent observation@6#
of a weakly bounds-wave vibrational level to kHz accuracy
No splittings due to weak relativistic spin dependent inter
tions are present for ans-wave level.

In Ref. @6# the observeds-wave level is bound by approxi
mately20.636 GHz below the lowest hyperfine dissociati
limit and can be labeled bym522, wherem is the projec-
tion of the summed electronic and nuclear spin along
magnetic field direction. A magnetic field of 0.6 mT
present. Close to thiss-wave level lies the second-lastm5
22 d-wave vibrational level. The second-order spin or
s.
ic
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splitting and the spin-spin dipole interaction for thisd-wave
line lift the degeneracy with the projectionm of the nuclear
mechanical angular momentum along the magnetic field
rection. For the 0.6 mT magnetic field our prediction for t
splitting between theumu52 and 0d-wave levels is 110~20!
kHz.

In summary we have used a nonperturbative relativis
valence bond method to describe the electronic structur
Rb2 and Cs2. The second-order spin-orbit splitting of the
ground triplet potential is entirely due to relativistic correl
tion and therefore requires extensive correlation interac
calculations. We show that the splitting is significantly larg
than that estimated from a perturbative electronic struct
calculation. The long-range dispersion coefficients have b
calculated and found to be in agreement with Ref.@15#.
Moreover, based on our second-order spin-orbit splitting
find that inelastic rate coefficients for ultracold double pol
ized Cs atoms is in good agreement with experimental m
surements. We also predict splittings due to the second-o
spin-orbit splitting of weakly bound Rb2 rovibrational levels.
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